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Abstract
The main result of this paper is the following: Any minimal counterexample to Hadwiger’s Conjecture
for the k-chromatic case is  2k27 -connected.
This improves the previous known bound due to Mader [W. Mader, Über trennende Eckenmengen in
homomorphiekritischen Graphen, Math. Ann. 175 (1968) 243–252], which says that any minimal coun-
terexample to Hadwiger’s Conjecture for the k-chromatic case is 7-connected for k  7. This is the first
result on the vertex connectivity of minimal counterexamples to Hadwiger’s Conjecture for general k.
Consider the following problem: There exists a constant c such that any ck-chromatic graph has a Kk-
minor. This problem is still open, but together with the recent result in [T. Böhme, K. Kawarabayashi,
J. Maharry, B. Mohar, Linear connectivity forces large complete bipartite graph minors, preprint], our main
result implies that there are only finitely many minimal counterexamples to the above problem when c 27.
This would be the first step to attach the above problem.
We also prove that the vertex connectivity of minimum counterexamples to Hadwiger’s Conjecture is at
least  k3 -connected.
This is also the first result on the vertex connectivity of minimum counterexamples to Hadwiger’s Con-
jecture for general k.
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In 1943, Hadwiger made the conjecture that every k-chromatic graph has a Kk-minor. This
conjecture is, perhaps, the most interesting conjecture of all graph theory. For k = 1,2,3, it is
easy to prove, and for k = 4, Hadwiger himself [11] and Dirac [7] proved it. For k = 5, however,
it seems extremely difficult. It is well known that the case k = 5 is equivalent to the Four Color
Theorem [1,2,21], as proved by Wagner [24] in 1937. About 60 years later, Robertson, Seymour
and Thomas [20] proved that the case k = 6 is also equivalent to the Four Color Theorem. In their
proof, minimal counterexamples (which are usually called “contraction-critical non-complete
graphs”) play an important role. Also, contraction-critical graphs are used to prove the next
unsettled case of a weaker Hadwiger’s Conjecture [5,25] in [13], and some other results, cf. [12].
In particular, all of these papers use the connectivity property of contraction-critical graphs.
Many researchers have considered the connectivity property of contraction-critical graphs.
Dirac [7] proved that any k-contraction-critical graph is 5-connected for k  5, and Mader [16]
proved the following deep result, extending 5-connectivity, that any k-contraction-critical graph
is 7-connected for k  7 and any 6-contraction-critical graph is 6-connected. But as far as I know,
there is no progress on the vertex connectivity of k-contraction-critical graphs. Note that Toft [23]
proved that any k-contraction-critical graph is k-edge-connected. In this paper, we first prove the
following result, which is the first general result on the connectivity of minimum k-chromatic
graphs.
Theorem 1. For all positive integers k, any k-chromatic counterexample to Hadwiger’s Conjec-
ture is  k23-connected.
The proof method of Theorem 1 gives the following result.
Theorem 2. For all positive integers k, any minimal (with respect to the minor relation)
k-chromatic counterexample to Hadwiger’s Conjecture is  k23-connected.
Actually, we shall give a proof of the following which improves the connectivity in Theorem 2.
Theorem 3. For all positive integers k, any minimal (with respect to the minor relation)
k-chromatic counterexample to Hadwiger’s Conjecture is  2k27-connected.
This is the first result on the vertex connectivity of minimal counterexamples to Hadwiger’s
Conjecture. But perhaps,  2k27 is not the right value. The right value will be probably k for any k.
In fact, Mader [16] proved that this is true for k  7.
Let us mention the application of Theorem 3. In [3], the following remarkable result was
proved.
Theorem 4. For all positive integers k, there exists a function f (k) such that any 2k-connected
graph with minimum degree at least 16k and at least f (k) vertices have a Kk-minor.
Consider the following problem:
Problem. There exists a constant c such that any ck-chromatic graph has a Kk-minor.
146 K.-i. Kawarabayashi / Journal of Combinatorial Theory, Series B 97 (2007) 144–150Theorems 3 and 4 imply, for any fixed k, that there are only finitely many minimal counterex-
amples to the above problem when c = 27. Actually, Theorems 3 and 4 imply somewhat stronger
statement: For any fixed k, there exists a function f (k) such that any minimal counterexample to
the above problem when c = 27 has at most f (k) vertices. Note however that the finiteness also
follows from Wagner’s conjecture, which is recently proved by Robertson and Seymour [19], but
the proof requires 20 papers of Graph Minors. Almost nothing concerning the above problem
was known until now, so this would be the first step to attack the above problem.
All graphs considered in this paper are finite, undirected, and without loops or multiple edges.
A graph H is a minor of a graph G if H can be obtained from G by deleting edges and/or vertices
and contracting edges. An H -minor of G is a minor isomorphic to H .
A t-coloring of G is a function φ from the vertex set V (G) of G into {1, . . . , t} so that
φ(u) = φ(v) for every edge uv, and a graph is t-colorable if it has a t-coloring. A graph is
k-chromatic if G is k-colorable, but not (k − 1)-colorable. We sometimes say χ(G) = k if G is
k-chromatic.
For a subset S of V (G), the subgraph induced by S is denoted by 〈S〉. For a subgraph H
of G, G − H = 〈V (G) − V (H)〉, and for a vertex x of V (G) and for an edge e of E(G),
G − x = 〈V (G) − {x}〉 and G − e is the graph obtained from G by deleting e. Let δ(G) denote
the minimum degree of G.
For graph-theoretic terminology not explained in this paper, we refer the reader to [6].
2. Contraction critical graphs
Let G be a graph satisfying the following conditions:
(1) G is k-chromatic.
(2) G is minimal with respect to the minor-relation in the class of all k-chromatic graphs.
(3) G does not contain Kk as a minor.
Any graph satisfying (1)–(3) is a non-complete k-contraction-critical graph. Such graphs were
first defined and studied by Dirac [8,9]. Among Dirac’s first results, let us mention the following:
δ(G) k. (2.1)
A non-complete k-contraction-critical graph is called a minimal counterexample (to Hadwiger’s
Conjecture), and a smallest possible non-complete k-contraction-critical graph is called a mini-
mum counterexample (to Hadwiger’s Conjecture).
3. Proof of Theorem 1
Given a subset S ⊆ V (G), an S-cut is a pair (A,B) of non-empty subsets of V (G) such that
V (G) = A ∪ B , S ⊆ A, B − A = ∅, and G has no edge joining A − B to B − A. The order of
the S-cut is |A ∩ B|. The next lemma is heavily used in our proof. The proof is inspired by the
proof of Robertson and Seymour [18], and we believe this lemma itself is of interest.
(3.1) Let G be a graph and S = {s1, . . . , sk} be a set of k vertices. Suppose G has a K2k-minor
and no S-cut of order less than k. Then G has vertex disjoint non-empty connected sub-
graphs C1, . . . ,Ck such that, each 1  i  k, the subgraph Ci contains si and is adjacent
to all the subgraphs C1, . . . ,Ci−1,Ci+1,Ck .
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plies (3.1). 
(∗) Let G be a graph and S = {s1, . . . , sk} be a set of k vertices. Suppose G contains 2k vertex
disjoint non-empty subgraphs Di for 1  i  2k such that each Di is either connected or
each of its components meets S, and moreover each Di is adjacent to all Dj (i = j ) which
do not meet S. Also suppose G has no S-cut (A,B) of order less than k with at least one Di
in B − A. Then G satisfies the conclusion of (3.1).
Proof. We prove by induction on |V (G)|. It is easy to check that the statement (∗) is true for
|V (G)| = 2k. Let G be a minimal counterexample to (∗), that is, take G such that |V (G)| +
|E(G)| is as small as possible. Let E(S) be edges joining two vertices in S. If all Di ’s disjoint
from S are single vertices, then by Hall’s theorem, there is a perfect matching between S and
G − S, and the result easily follows since |G − S|  k. We claim that there is no Di disjoint
from S containing an edge. For suppose e ∈ E(G) − E(S) is an edge contained in some Di . If
we contract e, then the resulting graph is either no longer counterexample or has a S-cut of order
exactly k. In the former case, we are done. So, we may assume that there exists a S-cut (A,B) of
order exactly k containing e. Since each Di is adjacent to all Dj ’s (i = j ) which do not meet S,
Di is adjacent to at least k of Dj ’s. Hence for any i, Di cannot be contained in A − B . Let
S′ = A ∩ B , G′ = 〈B〉, and let D′i = Di ∩ G′ for 1  i  2k. Note that S ⊆ A. If S′ = S, then
G − e would give a minimal counterexample. So A − B = ∅. By the assumption and Menger’s
theorem, there exist k disjoint paths from S to S′. Then G′, S′ and D′i for 1 i  2k satisfy the
assumption of (∗). Hence G′ satisfies the conclusion of (∗) by the induction, and so does G, a
contradiction. Therefore there are no such edges. This implies that each Di is either |Di | = 1 or
contains a vertex in S and has no edges except for E(S). Moreover, at least k of Di ’s consist of
only one vertex which is not in S. Let R be the set of Di which is not in S. We claim that there
exists a matching from S to R. Otherwise, there would be a S-cut of order less than k by Hall’s
theorem. Now contracting each edge of this matching would satisfy the conclusion of (∗). This
completes the proof of (∗). 
Now we are ready to finish the proof of Theorem 1.
Proof of Theorem 1. Take a minimal cutset S in a counterexample to Theorem 1. Then
|S| <  k3. We can write A ∩ B = S and G = A ∪ B . Then both A − S and B − S are no
longer a counterexample to Hadwiger’s Conjecture. So χ(B − S),χ(A − S)  k − 1. If either
χ(A−S) <  2k3  or χ(B −S) <  2k3 , then we can extend the coloring of B −S and A−S to the
whole graph G using at most k − 1 colors, a contradiction. Hence χ(B − S),χ(A − S)  2k3 .
Therefore both B − S and A − S has a K 2k3 -minor, otherwise either K k3  + (B − S) or
K k3  + (A − S) would give a smaller counterexample to Hadwiger’s Conjecture (note that
|A − S|, |B − S|   2k3  by (2.1)). Then by (3.1) and minimality of S, we can contract A into
S such that S is complete (let G1 be the resulting graph), and we can also contract B − S into
S such that S is complete (let G2 be the resulting graph). Then χ(G1),χ(G2)  k − 1 by the
minimality of G. But clearly we can combine the colorings of G1 and G2 to the whole graph G
using at most k − 1 colors. This is a contradiction. This completes the proof of Theorem 1. 
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A similar proof technique allows us to prove Theorem 2. Since Theorem 3 is better than
Theorem 2, so we just give a sketch of proof. We will use the notation from Sections 2 and 3.
Our main tools are the following two theorems.
Theorem 5. [4, Lemma 1] Let 0 < α < 1 be the root of the equation 1 = α(1 + log(2/α)) and
let l  3 be an integer. Let G be a graph with |E(G)| > l|V (G)|. Then G contains H as a minor,
where H is some graph satisfying |H | l + 2 and 2δ(H) |H | + αl− 1. (The number α is a
constant whose value slightly exceeds 0.37.)
Theorem 6. [10, Theorem 4] Let G be a graph with n  4k vertices. Let e1, . . . , ek be k inde-
pendent edges in G. If δ(G) n2  + k − 1, then G has k vertex disjoint cycles C1, . . . ,Ck such
that Ci contains ei for each i.
The next lemma is heavily used in our proof. The proof is inspired by the proof of Bollobás
and Thomason [4], and we believe this lemma itself is of interest.
(4.1) Let G be a graph and S = {s1, . . . , sk} be a set of k vertices. Suppose G has H as a minor,
where H is some graph satisfying 2δ(H) |H |+4k−1 and no S-cut of order less than k.
Then for any partition S1, S2, S3, . . . , Sl of S, G has vertex disjoint non-empty connected
subgraphs C1, . . . ,Cl such that, each 1 i  l, the subgraph Ci contains Si .
Proof. We will prove the following slightly stronger statement, which immediately im-
plies (4.1). 
(∗) Suppose G contains |H | disjoint subgraphs D1, . . . ,D|H | such that for 1  i  |H |, each
Di is either connected or each of its components meets S, and moreover each Di is adjacent
to all but at most |H |−4k2 Dj (i = j ) which do not meet S. Also suppose G has no S-cut of
order less than k with at least one Di in B − A. Then G satisfies the conclusion of (4.1).
The proof is similar to that in Section 2, except we shall use Theorem 6. So we omit it. The main
proof of Theorem 2 is quite similar to that of Theorem 1. There are only two differences. One is
that we shall use Theorem 5 to ensure that G has a dense minor satisfying (4.1). The other is also
used in the next section, see the proof of Theorem 3. So we omit it.
5. Proof of Theorem 3
After the submission of the first version of this paper, we found a quite simple proof and better
result, namely Theorem 3.
A graph L is said to be k-linked if it has at least 2k vertices and for any ordered k-tuples
(s1, . . . , sk) and (t1, . . . , tk) of 2k distinct vertices of L, there exist pairwise disjoint paths
P1, . . . ,Pk such that for i = 1, . . . , k, the path Pi connects si and ti .
An important tool will be the following theorem due to Thomas and Wollan [22].
Theorem 7. Every 2k-connected graph G with at least 5k|V (G)| edges is k-linked.
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proved that every 22k-connected graph is k-linked, and Kawarabayashi, Kostochka and Yu [15]
proved that every 12k-connected graph is k-linked.
The second tool we need is the following result. This result has the same flavour of a result of
Mader [17] which says that every graph with the minimum degree at least 4k has a k-connected
subgraph.
Theorem 8. Let G be a graph and k an integer such that
(a) |V (G)| 52k and
(b) |E(G)| 254 k|V (G)| − 252 k2.
Then |V (G)|  10k + 2 and G contains a 2k-connected subgraph H with at least 5k|V (H)|
edges.
This was proved in [3,14]. By Theorem 7, every 2k-connected graph G with at least 5k|V (G)|
edges is k-linked. Hence, Theorem 8 implies the following:
Corollary 9. Let G be a graph and k an integer such that
(a) |V (G)| 52k and
(b) |E(G)| 254 k|V (G)| − 252 k2.
Then G contains a k-linked subgraph.
Proof of Theorem 3. Take a minimal cutset S. Then |S| <  2k27. Let A1 be a component of
G− S and A2 = G−A1 − S. Then both A1 ∪ S and A2 ∪ S have the chromatic number at most
k − 1. Let S1 be a maximum independent set in 〈S〉. Also, let S2 be a maximum independent set
in 〈S − S1〉, and let Si be a maximum independent set in 〈S −⋃i−1l=1 Sl〉, and so on. We label the
vertices of S as follows. Let v1, v2, . . . , v|S| be the set of vertices in S such that v1, . . . , v|S1| ∈ S1,
v|S1|+1, . . . , v|S1|+|S2| ∈ S2, and so on. Note that all vertices in G − S have degree at least 25k27
and if we identify all vertices in Si into one vertex, then the resulting graph in S is a clique.
Hence by Theorem 8, both A1 and A2 have 4k27 -connected subgraphs H1,H2, respectively, such
that |E(Hi)|  10k27 |Hi | for i = 1,2. Therefore by Corollary 9, both H1 and H2 are 2k27 -linked
subgraphs. Let us look at A1 first. By the minimality of S and Menger’s theorem, there are
|S| disjoint paths P1, . . . ,P|S| joining vi and ui in A1 ∪ S, where u1, . . . , u|S| ∈ H1 . Since H1
is 4k27 -connected, there is a matching e1, . . . , e|S| in H1, where ei = uiu′i for some |S| vertices
u′1, . . . , u′|S| in H1. Since H1 is
2k
27 -linked, there are |S| disjoint paths P ′1, . . . ,P ′|S| such that P ′i
joins ui and u′i+1 for i = 1, . . . , |S|.
Hence we can contract A1 into S1, S2, . . . such that the resulting graph on S is complete (let
G1 be the resulting graph plus A2).
Similarly, we can also contract A2 into S1, S2, . . . such that the resulting graph on S is com-
plete (let G2 be the resulting graph plus A1). Then χ(G1),χ(G2)  k − 1 by the minimality
of G. But clearly we can combine the colorings of G1 and G2 to the whole graph G using at
most k − 1 colors. This is a contradiction. This completes the proof of Theorem 3. 
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degree at least 4k has a k-connected subgraph, then the proof of Theorem 2 together with Theo-
rem 7 implies that any minimal counterexample to Hadwiger’s Conjecture is  k41-connected.
Acknowledgment
We thank the anonymous referee for several helpful suggestions.
References
[1] K. Appel, W. Haken, Every planar map is four colorable, Part I. Discharging, Illinois J. Math. 21 (1977) 429–490.
[2] K. Appel, W. Haken, J. Koch, Every planar map is four colorable, Part II. Reducibility, Illinois J. Math. 21 (1977)
491–567.
[3] T. Böhme, K. Kawarabayashi, J. Maharry, B. Mohar, Linear connectivity forces large complete bipartite graph
minors, preprint.
[4] B. Bollobás, A. Thomason, Highly linked graphs, Combinatorica 16 (1996) 313–320.
[5] G. Chartrand, D.P. Geller, T. Hedetniemi, Graphs with forbidden subgraphs, J. Combin. Theory Ser. B 10 (1971)
12–41.
[6] R. Diestel, Graph Theory, Grad. Texts in Math., vol. 173, Springer, 1997.
[7] G.A. Dirac, A property of 4-chromatic graphs and some remarks on critical graphs, J. London Math. Soc. 27 (1952)
85–92.
[8] G.A. Dirac, Trennende Knotenpunktmengen und Reduzibilität abstrakter Graphen mit Anwendung auf das Vierfar-
benproblem, J. Reine Angew. Math. 204 (1960) 116–131.
[9] G.A. Dirac, On the structure of 5- and 6-chromatic abstract graphs, J. Reine Angew. Math. 214/215 (1964) 43–52.
[10] Y. Egawa, R. Faudree, E. Györi, Y. Ishigami, R. Schelp, H. Wang, Vertex-disjoint cycles containing specified edges,
Graphs Combin. 16 (2000) 81–92.
[11] H. Hadwiger, Über eine Klassifikation der Streckenkomplexe, Vierteljahrsschr. Naturforsch. Ges. Zürich 88 (1943)
133–142.
[12] K. Kawarabayashi, Minors in 7-chromatic graphs, preprint.
[13] K. Kawarabayashi, B. Toft, Any 7-chromatic graph has K7 or K4,4 as a minor, Combinatorica 25 (2005) 327–353.
[14] K. Kawarabayashi, P. Wollan, Non-zero disjoint cycles in highly connected group labelled graphs, J. Combin. The-
ory Ser. B 96 (2006) 296–301.
[15] K. Kawarabayashi, A. Kostochka, G. Yu, On sufficient degree conditions for a graph to be k-linked, Combin. Probab.
Comput., in press.
[16] W. Mader, Über trennende Eckenmengen in homomorphiekritischen Graphen, Math. Ann. 175 (1968) 243–252.
[17] W. Mader, Existenz n-fach zusammenhängender teilgraphen in graphen genügend grossen kantendichte, Abh. Math.
Sem. Univ. Hamburg 37 (1972) 86–97.
[18] N. Robertson, P. Seymour, Graph minors XIII, The disjoint paths problem, J. Combin. Theory Ser. B 63 (1995)
65–100.
[19] N. Robertson, P. Seymour, Graph minors XX, Wagner’s conjecture, J. Combin. Theory Ser. B 92 (2004) 325–357.
[20] N. Robertson, P.D. Seymour, R. Thomas, Hadwiger’s conjecture for K6-free graphs, Combinatorica 13 (1993) 279–
361.
[21] N. Robertson, D.P. Sanders, P.D. Seymour, R. Thomas, The four-color theorem, J. Combin. Theory Ser. B 70 (1997)
2–44.
[22] R. Thomas, P. Wollan, An improved linear edge bound for graph linkages, European J. Combin. 26 (2005) 309–324.
[23] B. Toft, On separating sets of edges in contraction-critical graphs, Math. Ann. 196 (1972) 129–147.
[24] K. Wagner, Über eine Eigenschaft der ebenen Komplexe, Math. Ann. 114 (1937) 570–590.
[25] D.R. Woodall, Improper colourings of graphs, in: R. Nelson, R.J. Wilson (Eds.), Graph Colourings, in: Pitman Res.
Notes, vol. 218, Longman, 1990, pp. 45–63.
